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AN HYPERBOLIC SYSTEM OF P.D.E. RELEVANT IN
GENERAL RELATIVITY
GIOVANNI CIMATTI
Abstract. Assuming as starting point the validity of the Einstein-Rosen met-
ric we study the hyperbolic system of P.D.E. to which the Einstein’s field
equations can be reduced. We prove using the implicit function theorem in
Banach spaces, the existence and uniqueness of gravitational waves of small
amplitude. A class of solutions, not necessarily small, is also constructed. In
the last Section a theorem of existence and uniqueness is given for the corre-
sponding stationary problem.
1. Introduction
The Einstein’s equations of general relativity have attracted the interest of math-
ematicians since the very beginning of the theory [25] and this interest continues
today. Crucial in the development of the theory are the seminal works of Yvonne
Choquet-Bruhat [16],[6][7] and [8]. She was able to formulate the problem of the
determination of the ten relevant potentials as an initial value problem for an hy-
perbolic system and to prove the local existence and uniqueness of the solution.
The work of Choquet-Bruhat deals with the Einstein’s equations in full generality,
i.e. without any “a priori” restriction on the form of the basic metric. To simplify
the study of the field’s equations two special geometries are considered: the spher-
ical symmetric case which was the first to be examined [23], [24] and remains the
most important (see in this respect the results of M. Dafermos [11], [12], [13]) and
the axis symmetric case which was considered by Einstein and Rosen [15], [22], [2],
[3], [4], [19], [31] and [30] (pag. 99). In this second case, one assumes as starting
point the simplified metric in cylindrical coordinates
(1.1) ds2 = e2ν−2µdt2 − e2ν−2µdr2 − e2µdz2 − (r2e−2µ + e2µω2)dφ2 − 2e2µωdzdφ,
where µ, ν and ω are real functions of the variables r and t. Einstein and Rosen were
able to find a class of exact wave solutions of the corresponding field’s equations.
This was in the past one of the most compelling evidence that general relativity
predicts the existence of gravitational waves, a fact today confirmed by experimental
observations. If we take ω = 0 in (1.1) we obtain the metric
(1.2) ds2 = e2ν−2µdt2 − e2ν−2µdr2 − e2µdz2 − (r2e−2µ)dφ2.
The corresponding field’s equations are
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(1.3) µrr +
1
r
µr − µtt = 0
(1.4) νr = r(µ
2
r + µ
2
t )
(1.5) νt = 2rµrµt.
This case for its simplicity has been, and still is, the object, in various contexts,
of many papers we quote, among others [26], [27], [28], [5] and [17]. In this paper
we consider the case ω 6= 0. This corresponds to two states of polarisation’s of
cylindrical waves [18]. The system determining ω(r, t) and µ(r, t) is now
(1.6) ωtt − ωrr + ωr
r
= 4(µrωr − ωtµt), r > 0
(1.7) µtt − µrr − µr
r
=
e4µ
2r2
(ω2t − ω2r),
ν(r, t) is then determined by a simple integration of an exact differential form.
By suitably defining ψ and φ, the system (1.6), (1.7) is shown in Section 5 to be
equivalent to the system
(1.8) ψtt − ψrr − ψr
r
= e2ψ(φ2t − φ2r)
(1.9)
(
e2ψφt
)
t
−1
r
(
e2ψφr
)
r
= 0
which does not seem to have been studied elsewhere. In all the contributions dealing
with the field’s equations corresponding to the metric (1.1) the problem of possible
and mathematically sound boundary conditions is not taken into account 1. This
question was well present to the mind of Einstein who wrote “in the first place the
boundary conditions presuppose a definite choice of a reference which is contrary
to the spirit of relativity”[14]. However, even taking into account this remark,
we think interesting to study the mathematical details of the most typical initial-
boundary associated with (1.6) and (1.7). We note also that matter and energy are
not distributed uniformly in the universe and this asks for some sort of boundary
conditions.
To make the paper self-contained we give in Section 2 a detailed derivation of
the field’s equations corresponding to the metric (1.1).
In Section 3 a result of uniqueness is given for the space flat solution. Whereas
in Section 4 we deal with the existence and uniqueness of exact gravitational waves
of small amplitude in the framework of the initial-boundary value problem stated
in Section 3. The result is obtained using the inverse function theorem in Banach
spaces. The solution obtained in this way exists “a priori” only for small initial-
boundary data. Thus a natural question arises: do all solutions of (1.6), (1.7) exist
for any t > 0 or certain solutions develop singularities after a finite interval of time
? In Section 5 we present an example of a class of exact solution of (1.6), (1.7)
1See however the paper [21]
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which are globally defined for r > 0 and t > 0, and is different from the class of
solutions found by Einstein and Rosen in [15]. It is an open question if all solutions
are equally globally defined. Finally in Section 6 we consider the case in which the
unknown functions ψ and φ depend only on r and prove a result of existence and
uniqueness for the corresponding two point problem.
2. The Einstein’s equations in the stationary axis symmetric case.
Derivation of the equations
We prove here that the field equations corresponding to the metric (1.1) are
precisely (1.6), (1.7). We note first of all that the only non-vanishing compo-
nents of the Einstein’s symmetric tensor Gij in the present axis symmetric case are
G11, G22, G33, G44, G12 and G34. Thus the system Gij = 0 is over-determined
(as often in general relativity) since we have 6 equations and 3 unknown functions
i.e. µ, ν and ω. We wish to prove that this over-determination is only apparent and
that the 6 equations reduce to the two equations (1.6), (1.7) for the determination
of µ(r, t) and ω(r, t) and to an exact differential form determining ν(r, t). With this
goal in mind we set
A =
1
r
(rµr)r − µrr, B = ωrr − 1
r
ωr − ωtt, C = ω2t − ω2r ,
D = µrωr − µtµt, E = µ2t − µ2r , F = νtt − νrr, H = µ2t + µ2r , L = ω2t + ω2t ,
M = 8A+
3e4µ
r2
C + 4(E + F ).
From G33 = 0, G34 = 0, G44 = 0 we have respectively the equations
(2.1) M = 0
(2.2) ωr2M + 2r2(B + 4D) = 0
(2.3) ω2r2(M + 4r2ω2(B +D)) + 4r4e−4µ(E + F )− r2C = 0.
From (2.1) and (2.2) we obtain
(2.4) B + 4D = 0
i.e.
(2.5) ωtt − ωrr + ωr
r
= 4(µrωr − ωtµt).
From (2.1) and (2.4) we get, by (2.3),
(2.6) F =
1
4r2
e4µC − F.
Moreover, from (2.6) and (2.1) we obtain
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(2.7) A+
e44µ
2r2
= 0
i.e.
(2.8) µtt − µrr − µr
r
=
e4µ
2r2
(ω2t − ω2r).
The equations (2.5) and (2.8) form precisely the non-linear system we want to study.
It remains to consider the equations G22 = 0, G11 = 0 and G12 = 0. They shall
determine ν(r, t). From G12 = 0 we have
(2.9) νt = 2rµtµr +
1
2r
e4µωrωt
and from G22 or G11 we infer
(2.10) νr = r(µ
2
t + µ
2
r) +
e4µ
4r
(ω2t + ω
2
r).
We claim that (2.9) and (2.10) are compatible and determine ν(r, t), apart an
arbitrary constant.
Lemma 2.1. If (µ(r, t), ω(r, t)) is a solution of the system
(2.11) ωtt − ωrr + ωr
r
= 4(µrωr − ωtµt)
(2.12) µtt − µrr − µr
r
=
e4µ
2r2
(ω2t − ω2r)
the differential form
(2.13) F (r, t)dr +G(r, t)dt,
where
(2.14) G(r, t) = 2rµtµr +
1
2r
e4µωrωt
(2.15) F (r, t) = r(µ2t + µ
2
r) +
e4µ
4r
(ω2t + ω
2
r)
is exact.
Proof. We need to prove that Ft(r, t) − Gr(r, t) = 0 if (2.11) and (2.12) hold. To
this end we add and subtract in Ft(r, t)−Gr(r, t) the quantity
4r3µt
(e4µ
2r2
ω2t +
e4µ
2r2
)
.
We have, taking into account (2.12),
(2.16) Ft(r, t)−Gr(r, t) = −2µte4µω2t + e4µωtr
(
ωrr − ωtt − ωr
r
+ 4µrωr
)
.
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Finally adding and subtracting 4µtωt from the right hand side of (2.16) we obtain,
by (2.11), Ft(r, t)−Gr(r, t) = 0 as required. 
3. An initial-boundary value problem for the system (1.6), (1.7).
Uniqueness of the flat-space solution
A question naturally arises: what are the side conditions which must be added
to the system
(3.1) ωtt − ωrr + ωr
r
= 4(µrωr − ωtµt)
(3.2) µtt − µrr − µr
r
=
e4µ
2r2
(ω2t − ω2r)
to obtain a well-posed problem capable of selecting a unique solution of (3.1),
(3.2)? We suppose that in the cylinders 0 < r < R1 and R2 < r < ∞ of the
euclidean space referred to cylindrical coordinates is contained all the matter and
energy which deform the flat-space metric and consider the problem in the cylinder
R1 < r < R2 which is assumed to be empty of matter and energy. The distribution
of matter is supposed to be independent of the angular coordinate. We thus have
the following initial-boundary conditions for (3.1) and (3.2):
(3.3) µ(R1, t) = m1(t), µ(R2, t) = m2(t), µ(r, 0) = m0(r), µt(r, 0) = m˜0(r)
(3.4) ω(R1, t) = o1(t), ω(R2, t) = o2(t), ω(r, 0) = o0(r), ωt(r, 0) = o˜0(r).
2
We start by considering the case in which all the initial-boundary conditions are
those corresponding to the flat-space solution. We have the following
Theorem 3.1. The problem
(3.5) ωtt − ωrr + ωr
r
= 4(µrωr − ωtµt), r > 0
(3.6) µtt − µrr − µr
r
=
e4µ
2r2
(ω2t − ω2r)
(3.7) µ(R1, t) = 0, µ(R2, t) = 0, µ(r, 0) = 0, µt(r, 0) = 0
(3.8) ω(R1, t) = 0, ω(R2, t) = 0, ω(r, 0) = 0, ωt(r, 0) = 0
has only the solution µ(r, t) = 0, ω(r, t) = 0.
2For example if R2/R1 is very large and for r > R2 the flat-space solution holds we would
have m2(t) = 0, o2(t) = 0, m˜0(r) = 0 and o˜0(r) = 0.
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Proof. Let (µ(r, t), ω(r, t)) be any solution of (3.5)-(3.8). If we can prove that
ω(r, t) = 0 the result follows. For, in this case the equation (3.6) becomes simply
the linear wave equation which with the initial- boundary conditions (3.7) implies
µ(r, t) = 0. Let us multiply (3.6) by ωt. We have, taking into account the boundary
conditions and integrating by parts,
(3.9)
1
2
∫ R2
R1
(ω2t + ω
2
r)dr = 4
∫ R2
R1
µrωrωtdr − 4
∫ R2
R1
µtω
2
rdr −
1
2
∫ R2
R1
ωrωtdr.
Using the Cauchy-Schwartz inequality the right hand side of (3.9) can easily be
estimated and we obtain
(3.10)
1
2
∫ R2
R1
(ω2t + ω
2
r)dr ≤
(
2 sup
QT
|µr|+ 4 sup
QT
|µt|+ 1
2R2
)∫ R2
R1
(ω2t + ω
2
r)dr.
Define
η(t) =
∫ R2
R1
(ω2t + ω
2
r)dr, Ct =
(
2 sup
QT
|µr|+ 4 sup
QT
|µt|+ 1
2R2
)
.
We have, by (3.9) and taking into account the initial-boundary conditions,
η′(t) ≤ η(t), η(0) = 0.
By the Gronwall’s theorem [29] we conclude that
∫ R2
R1
(ω2t (r, t) + ω
2
r(r, t))dr = 0 for all t ∈ [0, T ]
and also for all t ∈ [0,∞] since T is arbitrary. It follows ωt(r, t) = 0 and ωr(r, t) = 0
and also ω(r, t) = 0 in view of (3.8) as required. 
Remark 3.2. Recalling that
νt = 2rµtµr +
1
2r
e4µωrωt νr = r(µ
2
t + µ
2
r) +
e4µ
4r
(ω2t + ω
2
r)
we have, under the assumptions of Theorem 2.1, νt = 0, νr = 0. Hence ν(r, t) is
constant. Therefore, if, in addition to (3.7), (3.8,) we assume the initial condition
ν(0, 0) = 0, we have ν(r, t) = 0 which together with µ(r, t) = 0, ω(r, t) = 0
corresponds to the flat-space solution.
4. existence and uniqueness of exact gravitational waves of small
amplitude
Theorem 3.1 suggests to investigate if a branch of non trivial solutions starts
from the flat space solution when the initial-boundary data are “small” in suitably
taken functional spaces. To this end we shall use the inverse function theorem in
Banach space which we quote below for the sake of completeness [1].
Theorem 4.1. Let X and Y be Banach spaces and F a map from X to Y of class
C1 such that F(0) = 0. Let F ′(0) be the Frechet differential of F . If F ′(0), as a
linear map from X to Y, is invertible with continuous inverse then there exists a
neighbourhood N of 0 ∈ X and a neighbourhood V of 0 ∈ Y such that F : N → V
is invertible with inverse differentiable.
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Theorem 4.2. Assume
(4.1)
m1(t) ∈ C2([0, T ]), m2(t) ∈ C2([0, T ]), m0(t) ∈ C2([R1, R2]), m˜0 ∈ C1([R1, R2])
(4.2)
o1(t) ∈ C2([0, T ]), o2(t) ∈ C2([0, T ]), o0(t) ∈ C2([R1, R2]), o˜0 ∈ C1([R1, R2])
with
(4.3) m1(0) = m0(R1), m2(0) = m0(R2), m
′
1(0) = m˜0(R1), m
′
2(0) = m˜2(R2)
(4.4) o1(0) = o0(R1), o2(0) = o0(R2), o
′
1(0) = o˜0(R1), o
′
2(0) = o˜2(R2).
3
There exists ǫ > 0 such that, if
(4.5) ‖m1‖C2([0,T ]) + ‖m2‖C2([0,T ]) + ‖m0‖C2([R1,R2]) + ‖m˜0‖C1([R1,R2])+
‖o1‖C2([0,T ]) + ‖o2‖C2([0,T ]) + ‖o0‖C2([R1,R2]) + ‖o˜0‖C1([R1,R2]) < ǫ,
the initial-boundary value problem
(4.6) ωtt − ωrr + ωr
r
= 4(µrωr − ωtµt)
(4.7) µtt − µrr − µr
r
=
e4µ
2r2
(ω2t − ω2r)
(4.8) ω(R1, t) = o1(t), ω(R2, t) = o2(t), ω(r, 0) = o0(r), ωt(r, 0) = o˜0(r)
(4.9) µ(R1, t) = m1(t), µ(R2, t) = m2(t), µ(r, 0) = m0(r), µt(r, 0) = m˜0(r)
has one and only one solution of class C2(Q¯T ).
Proof. We apply Theorem 4.1 with the following functional spaces
X = C2(Q¯T )× C2(Q¯T ), Y = A× B × B
where A = C0(Q¯T )× C0(Q¯T ) and
B = {(A1(t), A2(t), A0(t), B(r)); A1(t) ∈ C2([0, T ]), A2(t) ∈ C2([0, T ]), A0(t) ∈
C2([R1, R2]), B(r) ∈ C1([R1, R2]), A1(0) = A0(R1), A2(0) = A0(R2), A′1(0) =
B(R1), A
′
2(0) = B(R2)
}
.
B becomes a Banach space with the norm
‖B‖B = ‖A1‖C2([0,T ]) + ‖A2‖C2([0,T ]) + ‖A0‖C2([R1,R2]) + ‖B‖C1([R1,R2]), B ∈ B.
3These are compatibility conditions needed to obtain a regular solution to the problem.
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X is normed with
‖X‖X = ‖X1‖C2(Q¯T ) + ‖X2‖C2(Q¯T ), X ∈ X .
Finally Y is a Banach spaces with norm ‖Y‖Y = ‖A‖A + ‖ B‖B + ‖ C‖B. Define
Γ1 = {(r, t); r = R1, 0 < t < T }, Γ0 = {(r, t); t = 0, R1 < r < R2}, Γ2 =
{(r, t); r = R2, 0 < t < T }. Let (µ(r, t), ω(r, t)) ∈ X . The function F : X → Y of
Theorem 4.1 has here the form
F((µ, ω)) =
( in A︷ ︸︸ ︷
µtt − µrr − µr
r
− e
4µ
2r2
(ω2t − ω2r), ωtt − ωrr +
ωr
r
− 4(µrωr − ωtµt),
µ|Γ1 , µ|Γ2 , µ|Γ0 , (
∂µ
∂t
)|Γ0︸ ︷︷ ︸
in B
, ω|Γ1 , ω|Γ2 , ω|Γ0 , (
∂ω
∂t
)|Γ0︸ ︷︷ ︸
in B
)
.
It is easy to verify that in these spaces the function F is well-defined and F(0) = 0.
If we compute the Frechet’s differential of F in 0 ∈ X we find, with (U, V ) ∈ X
F ′(0)[U, V ] =
( in A︷ ︸︸ ︷
(Utt − Urr − 1
r
Ur, Vtt − Vrr − 1
r
Vr),
(
U|Γ1 , U|Γ2 , U|Γ0 ,
(∂U
∂t
)
|Γ0
)︸ ︷︷ ︸
in B
, (V|Γ1 , V|Γ2 , V|Γ0 ,
(∂V
∂t
)
|Γ0︸ ︷︷ ︸
in B
)
)
.
To apply Theorem 4.1 we need to prove that F ′ is invertible as a linear operator
from X to Y. To this end we consider the linear problem
(4.10) F ′(0)[U, V ] = Y ∈ Y,
where Y =
( in A︷ ︸︸ ︷(
f(r, t), g(r, t)
)
,
(
n1(t), n2(t), n0(r), n(r)
)
︸ ︷︷ ︸
in B
,
(
l1(t), l2(t), l0(r), l(r)
))
︸ ︷︷ ︸
in B
).
In components (4.10) reads
(4.11) Utt − Urr − 1
r
Ur = f(r, t) in QT
(4.12) U|G1 = n1(t), U|G2 = n2(t), U|G0 = n0(r),
(∂U
∂t
)
|G0
= n(r)
(4.13) Vtt − Vrr − 1
r
Vr = g(r, t) in QT
(4.14) V|G1 = l1(t), V|G2 = l2(t), V|G0 = l0(r),
(∂U
∂t
)
|G0
= l(r).
The problems (4.11), (4.12) and (4.13), (4.14) are uncoupled. (4.11), (4.12) is simply
the initial-boundary value for the wave equation in cylindrical coordinates with
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non-vanishing right hand side and non homogeneous initial boundary conditions.
This problem is certainly solvable with continuous dependence from the data. The
same can be said of (4.13), (4.14). Thus problem (4.10) is solvable with a unique
solution and with continuous dependence on the data. Therefore Theorem 4.1 is
applicable 
5. A class of exact solutions of the system (4.6), (4.7)
In this Section we construct a class of exact solutions which are globally defined
in time. We first rewrite (4.6)-(4.7) in divergence form. We proceeds in three steps.
First of all it is easy to verify, by direct computation, that
(5.1)
(e4µ
r
ωt
)
t
−
(e4µ
r
ωr
)
r
= 0
(5.2) µtt − µrr − 1
r
µr =
e4µ
2r2
(
ω2t − ω2r
)
is fully equivalent to the system (4.6), (4.7). Secondly it is convenient to use the
simple transformation µ = ψ2 +
1
2 log r, ω = ψ which for r > 0 is a diffeomorphism.
In terms of ψ and φ, (5.1), (5.2) becomes
(5.3) ψtt − 1
r
(
rψr
)
r
= e2ψ(φ2t − φ2r) = 0
(5.4)
(
e2ψφt
)
t
−1
r
(
re2ψφr
)
r
= 0.
Thirdly we give a divergence form also to the equation (5.3). To this end we note
that, by (5.4) we have
(5.5) reψ
(
φ2r − φ2t
)
=
[
φ
(
re2ψφr
]
r
−[φ(re2ψφt]t.
Thus the system (5.3), (5.4) takes the full divergence form
(5.6)
[
r
(
ψr − φe2ψφr
)]
r
−[r(ψt − φe2ψφt)]t= 0
(5.7)
(
e2ψφt
)
t
−1
r
(
e2ψφr
)
r
= 0.
We restrict the search of solutions of the system (5.6), (5.7) to solutions for which
there exist a functional relation of the form:
(5.8) ψ = Ψ(φ).
See for this approach [9], [10]. The equations (5.6) and (5.7) become
(5.9)
(
re2Ψ(φ)φr
)
r
−
(
re2Ψ(φ)φt
)
t
= 0
(5.10)
[
r
(
Ψ′(φ) − φe2Ψ(φ))φr]
r
−
[
r
(
Ψ′(φ)− φe2Ψ(φ))φt]
t
= 0.
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Let Ψ(φ) be the solution of the ordinary differential equation
(5.11)
dΨ
dφ
− φe2Ψ = γe2Ψ, γ a real parameter.
Equation (5.11) is easily solved. We find
(5.12) e−2Ψ = −(φ2 + 2γφ+ C),
where C is the constant of integration. We have from (5.12) the compatibility
condition
(5.13) − (φ2 + 2γφ+ C)> 0
which is verified if
(5.14) − γ −
√
γ2 − C < φ < −γ +
√
γ2 − C and C < γ2.
If (5.14) is satisfied we have
(5.15) e2Ψ = − 1
φ2 + 2γφ+ C
.
Substituting (5.15) in (5.9) we obtain
(5.16)
1
r
[
r
φr
φ2 + 2γφ+ C
]
r
−
[ φt
φ2 + 2γφ+ C
]
t
= 0.
We wish to linearised (5.16). Let us define
(5.17) Θ = F (Φ) :=
−1
2
√
γ2 − C log
[−Φ− γ +√γ2 − C
Φ+ γ +
√
γ2 − C
]
.
We have, if (5.14) holds
(5.18)
dF (Φ)
dΦ
= − 1
Φ2 + 2γ + C
> 0.
Let θ(r, t) = F (φ(r, t)). We have
(5.19) θr(r, t) = − φr
φ2 + 2γφ+ C
, θt(r, t) = − φt
φ2 + 2γφ+ C
.
Hence (5.16) becomes the linear wave equation in cylindrical coordinates i.e.
(5.20)
1
r
(
rθr
)
r
−θtt = 0.
Let θ(r, t) be any solution of equation (5.20). 4 Since F (Φ) maps one-to-one
the open interval (−γ −
√
γ2 − C,−γ +
√
γ2 − C) onto (−∞ − ∞) the function
Θ = F (Φ) is globally invertible. Precisely we have
4We could take for example θ = K0(r)et where K0(r) denotes the modified Bessel function of
the second type, or θ(r, t) = J0(r, t)sin(t), where J0(r, t) is the Bessel function of the first type.
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(5.21) Φ = F−1(Θ) =
(
√
γ2 − C − γ)e2Θ
√
γ2−C − (
√
γ2 − C + γ)
e2Θ
√
γ2−γ + 1
.
In conclusion we find the following class of solutions of the system (5.3), (5.4)
(5.22) φ(r, t) =
(
√
γ2 − C − γ)e2
√
γ2−Cθ(r,t) − (
√
γ2 − C + γ)
e2θ(r,t)
√
γ2−γ + 1
with the corresponding ψ(r, t) given by
(5.23) ψ(r, t) = log
1√−(φ2(r, t) + 2γφ(r, t) + C) ,
where θ(r, t) is any solution of (5.20).
An open question naturally arises: are all solutions of (5.3), (5.4) globally defined
as it happens for (5.22), (5.23) or, in certain cases, they develop singularities in a
finite time? This second possibility appears as more reasonable in view of the
quadratic non-linearity entering in the right hand side of (5.3).
6. existence and uniqueness for the stationary problem
In this last Section we study the stationary counterpart of the initial-boundary
value problem (4.6)-(4.9) expressed in terms of (φ, ψ). Thus we consider the two-
point problem
(6.1)
1
r
(
re2ψφ′
)′
= 0 in (R1, R2)
(6.2) φ(R1) = φ1, φ(R2) = φ2
(6.3)
1
r
(
rψ′
)′
= e2ψφ′2 in (R1, R2)
(6.4) ψ(R1) = ψ1, ψ(R2) = ψ2.
It is not restrictive to assume φ1 = 0 in (6.1)-(6.4). For (φ(r) + C,ψ(r)) is still a
solution (C an arbitrary constant) if (φ(r), ψ(r)) is a solution of (6.1)-(6.4). There-
fore, if (φ(r), ψ(r)) is the solution corresponding to the case φ1 = 0, the solution
for φ1 6= 0 is simply (φ(r) + φ1, ψ(r)). Hence we shall study the problem
(6.5)
1
r
(
re2ψφ′
)′
= 0 in (R1, R2)
(6.6) φ(R1) = 0
(6.7) φ(R2) = a
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(6.8)
1
r
(
rψ′
)′
= e2ψφ′2 in (R1, R2)
(6.9) ψ(R1) = b
(6.10) ψ(R2) = c.
The case a = 0 is immediately dealt with. For multiplying (6.5) by φ, integrating
by parts and taking into account (6.6) and (6.7) we have
(6.11)
∫ R2
R1
e2ψφ′2dr = 0.
This in view of (6.6) implies φ(r) = 0. We have from (6.8)
(6.12)
1
r
(
rψ′
)′
= 0, ψ(R1) = b, ψ(R2) = c,
a linear problem which is easily solved. Moreover, we can assume a > 0. For, if
(φ(r), ψ(r)) is the solution corresponding to a > 0, the solution for the case a < 0
is simply (−φ(r), ψ(r)). By the one-dimensional maximum principle [20], we have
from (6.5), (6.6)
(6.13) 0 ≤ φ(r) ≤ a in [R1, R2].
The transformation
(6.14) θ =
φ2
2
+
1
2
(
e−2ψ − e−2b)
permits to rewrite the problem (6.5)-(6.10) in the more symmetric form
(6.15)
1
r
(
re2ψθ′
)
= 0
(6.16)
1
r
(
re2ψφ′
)
= 0
(6.17) θ(R1) = 0
(6.18) θ2 =: θ(R2) =
1
2
a2 +
1
2
e−2c − 1
2
e−2b
(6.19) φ(R1) = 0
(6.20) φ(R2) = a,
where θ, φ, ψ are linked by the functional relation (6.14). We have
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Lemma 6.1. If (φ(r), θ(r), ψ(r)) is a solution of (6.14)-(6.20), then
(6.21) θ(r) =
θ2
a
φ(r).
Proof. Let ζ(r) = θ(r) − θ2
a
φ(r), we have
(6.22) ζ(R1) = 0, ζ(R2) = 0
and by (6.15) and (6.16)
(6.23)
1
r
(
re2ψζ′
)′
= 0.
Multiplying (6.23) by ζ(r) and using (6.22) we obtain
(6.24)
∫ R2
R1
re2ψζ′2dr = 0.
By (6.22) this implies ζ(r) = 0 and (6.21). 
From (6.14) and (6.21) we have
(6.25)
θ2
a
φ(r) =
φ2(r)
2
+
1
2
e−2ψ(r) − 1
2
e−2b
and, by (6.18),
(6.26) − φ2 + [a+ 1
a
(
e−2c − e−2b)]φ+ e−2b = e−2ψ.
We need to solve (6.26) with respect to ψ. This requires the positivity of the left
hand side of (6.26). We use the following elementary
Lemma 6.2. If a > 0, b ∈ R1, c ∈ R1 and 0 ≤ φ ≤ a we have
(6.27) f(φ, a, b, c) := −φ2 + [a+ 1
a
(
e−2c − e−2b)]φ+ e−2b > 0.
Proof. The two roots of the equation f(φ, a, b, c) = 0 are
(6.28) φ1 =
1
2a
[(
e−2c − e−2b + a2)+
√(
e−2c − e−2b + a2)2+4a2e−2b]
(6.29) φ2 =
1
2a
[(
e−2c − e−2b + a2)−
√(
e−2c − e−2b + a2)2+4a2e−2b].
Thus
(6.30) φ1 < 0 < φ2.
Moreover we have
(6.31) φ2 − a = 1
2a
[(
e−2c − e−2b − a2)+
√(
e−2c − e−2b + a2)2+4a2e−2b].
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Hence φ2 − a > 0 and (6.27) follows. 
Let us define
(6.32) M(a, b, c) = a+
1
a
(
e−2c − e−2b).
By Lemma 6.2 the equation
(6.33) − φ2 +M(a, b, c)φ+ e−2b = e−2ψ
in the unknown ψ has one and only one solution. Moreover, since
(6.34) e2ψ =
1
−φ2 +Mφ+ e−2b ,
we can restate the equation (6.16) in term of the sole φ and we have, for the
determination of φ(r), the nonlinear two-point problem
(6.35)
( rφ′
−φ2 +Mφ+ e−2b
)′
= 0
(6.36) φ(R1) = 0, φ(R2) = a.
Let us define
(6.37) u = U(φ) :=
∫ φ
0
dt
−t2 +Mt+ e−2b .
Since 0 ≤ φ ≤ a, the denominator in the integral (6.37) never vanishes and is
strictly positive by Lemma 6.2.5 In terms of u the problem (6.35), (6.36) becomes
simply
(6.38) (ru′)′ = 0, u(R1) = 0, u(R2) = U(a),
a linear problem which is immediately solved. On the other hand U ′(φ) > 0 in
[0, a]. Thus U(φ) maps [0, a] one-to-one onto [0,U(a)]. We conclude that , if u(r)
is the solution of (6.38), we have
(6.39) φ(r) = U−1(u(r)).
Finally, the corresponding ψ(r) is, by (6.34),
(6.40) ψ(r) = −1
2
log
[−φ2(r) +Mφ(r) + e−2b].
Remark 6.3. The solution of problem (6.15)-(6.20) obtained above is also unique
since the solution of the linear problem (6.38), to which the starting problem (6.15)-
(6.20) is reduced, is surely unique.
5Note that the integral in (6.37) can be explicitly computed.
AN HYPERBOLIC SYSTEM OF P.D.E. RELEVANT IN GENERAL RELATIVITY 15
References
1. A. Ambrosetti and G. Prodi, Nonlinear Analysis, Cambridge University Press, 1993.
2. W.B.Bonnor, Physical interpretation of vacuum solutions of Einstein’s equations. Part I. Time-
independent solutions, General Relativity and Gravitation, 24, (1992).
3. W.B.Bonnor, J.B.Griffiths and M.A.H.MacCallum, Physical interpretation of vacuum solu-
tions of Einstein’s equations. Part II. Time-independent solutions, General Relativity and
Gravitation, 26, (1994).
4. W.B.Bonnor, Les ondes gravitationelles en relativite generale, Ann. Ist. Fourier, 15, 146-157,
(1957).
5. M. Carmeli and Ch.Charach, The Einstein-Rosen gravitational waves and cosmology, Found.
of Phys., 14, 963-985.
6. Y. Choquet-Bruhat and R. Geroch, Global aspects of the Cauchy problem in general relativity,
Commun. Math. Phys., 14 , 329-335, (1969).
7. Y. Choquet-Bruhat, C∞ solutions of hyperbolic non linear equations and applications in
G.R.G., Gen. Rel. Grav., 2, 359-362, (1971).
8. Y. Choquet-Bruhat, Future Complete U(1) Symmetric Einsteinian Space times, the Unpo-
larised Case. In The Einstein equations and the large scale behaviour of gravitational fields,
Birkha¨user, Basel, (2004).
9. G.Cimatti, Remark on th equations of axially symmetric gravitational fields, Rend. Sem. Mat.
Univ. Padova, 138, (2017), 91-100.
10. G.Cimatti, A nonlinear elliptic boundary value problem relevant in general relativity and in
the theory of electrical heating of conductors, Bul. UUnione Mat. Ital.,
11. M. Dafermos, The interior of charged black holes and the problem of uniqueness in general
relativity, Comm. Pure Appl. Math., 58, 445-504, (2005).
12. M. Dafermos, A proof of Price’s law for the collapse of self-gravitating scalar field, Invent.
Math. 162, 381-457 (2005).
13. M. Dafermos, Stability and instability of the Cauchy horizon for the spherically symmetric
Einstein-Maxwell-scalar field equations, Annals of Math.,158, 875-928, (2003).
14. A. Einstein, Kosmologische Betractungen zur allgemeinen Relativitaets Theorie, Sitzungs-
berichte der Preuss. Akad. d. Wissenschaft.
15. A. Einstein and N. Rosen, On gravitational waves, J. Franklin Inst., 223, (1937), 43-54.
16. Y. Foures-Bruhat, Theoreme d’existence pour certains systemes d’equations aux derivees par-
tielles non linearies, Acta Mathematica 88, 141-225, (1952).
17. T. Harada, K.Nakao and B.C. Nolan, Einstein-Rosen waves and the self-similarity hypothesis
in cylindrical symmetry, arXiv:0812.3462v4 [gr-qc] 22 Nov2009.
18. A.S. Kompaneetz, Strong gravitational waves in free space, Sov. Phys. JPTP, 7, (1958), 659-
660.
19. A.Peres and N.Rosen, On Cauchy problem in general relativity, Il Nuovo Cimento, 13, 430-
438, (1959).
20. M.H.Protter and H.F. Weinberger Maximum Principle in Differential Equations, Prentice-
Hall, London, 1967.
21. O. Reula and O. Sarbach, The initial-boundary value problem in general relativity,
arXiv:1009.0589v1 [gr-qc] 3 Sep 2010.
22. N. Rosen, Some cylindrical waves, Bull. Res. Concil Israel, 3, (1954), 328-332.
23. K. Schwarzschild,U¨ber das Gravitationalfeld eines Kugel aus incompressibler Flussigkeit
nach nach der Einsteinschen Theorie, Sitzber. Preuss. Akad. Wiss.Berlin, K1 Math.-Phys.
Thech.,424-434 (1916).
24. K. Schwarzschild,U¨ber das Gravitationalfeld eines Massenpunktes nach der Einsteinschen The-
orie, Sitzber. Preuss. Akad. Wiss.Berlin, K1 Math.-Phys. Thech., 186-196 (1916).
25. K. Stellmacher, Zum Anfangswertproblem der Gravitationsgleichungern, Math. Ann., 136-152,
(1937).
26. S.J.Szybka and M.J.Wyrebowski, Backreaction for Einstein-Rosen waves coupled to a massless
scalar field, arXiv:1509.003463 [gr-qc] Sep 2016.
27. S. Szybka and A. Cieslik, On standing waves in general relativity, arXiv:1901.10285v1 [gr-qc]
29 Jan 2019.
28. S.J. Szybka and M. J. Wyrebowski, Backreaction for Einstein-Rosen waves coupled to a
massive scalar field, arXiv:1509.00346v3 [gr-qc] 1 Sep 2016.
16 GIOVANNI CIMATTI
29. R.Temam, Infinite-Dimensional Systems in Mechanics and Physids, Springer-Verlag, New
York, 1988.
30. J.Weber, General Relativity and Gravitation, Dover Publ. New York, 2004.
31. J. Weber and J.A. Wheeler, Reality of the cylindrical gravitational waves of Einstein and
Rosen, Rev. Modern Physics, 19, 509-515, (1957).
Department of Mathematics, Largo Bruno Pontecorvo 5, 56127 Pisa Italy
E-mail address: cimatti@dm.unipi.it
